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TERMINATION OF STRING REWRITING RULES
THAT HAVE ONE PAIR OF OVERLAPS”

ALFONS GESERT

Abstract. This paper presents a partial solution to the long standing open problem of termination of
one-rule string rewriting. Overlaps between the two sides of the rule play a central role in existing termination
eriteria. We characterize termination of all one-rule string rewriting systems that have one such overlap at

cither end. This both completes a result of Kurth and generalizes a result of Shikishima-Tsuji et al.

Key words. scmi-Thue system, string rewriting, one-rule, single-rule. termination. uniform termination,

overlap
Subject classification. Computer Science

1. Introduction and Related Work. Termination of one-rule string rewriting svstems (SRSs) is a
long standing open problem [12, 13. 11, 15, 14. 7. 16, 18, 2. 3. 4]. The first systematic approach was started
by Kurth [8]. He introduced a number of termination criteria to solve termination for all { — r where
I <6

Most of Kurth's eriteria (5 out of 8), and indeed most of the criteria introduced since. are based on two
sots: the set of overlaps of the left hand side (from the left end) with the right hand side (from the right
end); and the set of overlaps of the right hand side (from the left end) with the left hand side (from the right
end). Kurth’s Criterion D states that we have termination if one or both of the two sets are empty.

In the case where both sets are singletons, we say that the one-rule SRS has one pair of overlaps.
Kurth [8] provides Criterion F specifically for this case. As Criterion F can only prove termination of rules
that are left barren or right barren. it is incomplete as we will show (Exawple 2). Shikishima-Tsuji et al. [16.
Theorem 2] show that a confluent one-rule SRS with one pair of overlaps terminates if and only if there are
1o loops of lengths 1 or 2. As a consequence termination of such SRSs iv decidable.

This paper completely solves the termination problem for one-rule SKSs with one overlap pair. We prove
that such an SRS terminates if and only if it has no loop of lengths 1, 2 or 3 (Theorem 7.1). This implies
decidability of the termination problem.

It turns out that the extension is non-trivial. There are two behaviours that were observed neither by
Kurth nor by Shikishima-Tsuji et al. Loops of length 3 is one of them; the other is terminating non-tame
rules.

This paper makes the following original contributions:

1. Termination of one-rule SRSs with one overlap pair is shown deridable.

9 Termination of one-rule SRSs with one overlap pair is shown equivalent to the non-existence of loops
of length 3 or less.

3. Terminating one-rule SRSs with one overlap pair are shown to have lincar derivation lengths.

4. The first termination criterion for a class of non-tame one-rule SRSs.

*This work was supported by the National Aeronautics and Space Administration under NASA Contract No. NASI-97016
while the author was in residence at [CASE, NASA Langley Research Center, Hampton. VA 23681-2199, USA.

TAddress: TCASE, Mail Stop 1320, NASA Langley Reserch Center, Hampton, V. 23681, I-mail: geser@icase.edu

' An English presentation of Kurth's chapter on termination can he found in the author’s habilitation thesis {3].



The paper is organized as follows. After the preliminaries (Section 2) and an introduction to left barren
and tame rules (Section 3). we focus on the interesting non-tame case. In Section 4, we derive a pattern that
deseribes the non-tame rules. In Sections 5 and 6, we solve the non-terminating and terminating non-tame

rules, respectively. Section 7 finally shows the main theorem of the paper and its ramifications,

2. Preliminaries. A string rewriting rule is a pair { - 1 of strings. (.7 € ©* where ¥ is a given
alphabet. A set of string rewriting rules is called a string rewriting system (SRS). An SRS R induces a
rewrite step relation — defined by s — 7 if there are w, 0 € £ and a rule £ = ¢ in R such that s = wlv and
t = urev. The SRS R is said to terminate if there is no infinite sequence of rewrite Steps &1 = §2 o ...

A string w is called a factor of v if © = sut for some 5,1 € *: a prefir if © = ut for some € Sra suffix
if © = su for some s € ¥*. The prefix or suffix u of v is called proper if u # ¢. The set of overlaps of a string

a with a string ¢ is defined by
OVL(u. o) ={w € ¥ Ju=v'w. v = we' u'v' £ c.u' 0" € £},

The Iength of a string u is denoted by [u.

3. Left Barren Rules. For a fixed one-rule SRS {¢ = 7} let 4 = OVL(r.f) and B = OVL({{.7). In
what follows we consider 4 and B as disjoint. For all « € A. the strings €, and r, are defined by ¢ = of,,
and r = rya, respectively. Likewise, for all 3 € B, the strings £ and r; are defined by ¢ = ¢33 and r = 3ry.
respectively.

The following definition of “left barren” is after McNaughton’s corrected version. The original definition
is renamed to “left s-barren” (see Definition 3.4), following a suggestion of Kobayashi et al. [7].

DerINirion 3.1 (Left barren, right barren [12]). A one-rule SRS {¢ — r} is called left barren if £ is
not a factor of 1 and no £, € A is a prefir of any concatenation ra, ...r3, where 3y, ... 3 € B.k > 1.
Dually, {£ — 1} is called right barren if € is not a factor of r and no €5, 3 € B isa suffiz of any concatenation
Ty Ty, Where ay, ... o € A k> 1.

A one-rule SRS {¢ — r} is called non-overlapping if OVL(Z, ¢) = 0.

THrEOREM 3.2 ([12]). Every non-overlapping, left barren. one-rule SRS terminates.

TuroreM 3.3 ([3]). Every left barren one-rule SRS terminates.

By symmetry w.r.t. reversal of strings also every right barren one-rule SRS terminates.

DEFINITION 3.4 (Left s-barren, right s-barren [12, 7]). A rule f — 7 is called left s-barren ifnofl,,a€ 4
is a prefir of anyry. 3 € B. Dually { — r s called right s-barren if no 3.3 € B is a suffiz of anyr,,a € A.

A left barren rule is left s-barren, but the converse usually does not hold. Indeed we will encounter
left s-barren. not left barren rules later in this paper. Thev belong to a class of rules whose termination is
particularly difficult to show. Next we will define this class.

In the following definition we consider A, B as (disjoint) alphabets. For @ = ajas . . . € A* we define
(aby b =640, ... ¢ . And dually, for 3 = 3,3, ... 3 € B* we define 3by b5 ="05104,...03.

Kobayashi et al. [7] introduced the notion of tame, non-overlapping one-rule SRSs.

Derinerion 3.5 (Tame [3]). Let {{ = r} be a one-rule SRS. The sets C' and D are defined by

C={'eX|r=38fzr"3¢Bac A7}
D={"eX |r=rtza.a€ .3 € B"}.
Then ¢ — v is called tame if £ is neither of the form

r T . TR, (3.1)



Jor any « € A k> 1 ri.. oy € Cand non-cmpty prefusw of an clement of C: nor of the form
wrirs ..., (3.2)

for any 3€ B, j>1.r....,1r; € D, and non-cmpty suffiz e of an element of D.

The following result is implicit in Kobayashi et al. [7, Cor. 5.9].

ThrOREM 3.6. Every non-overlapping. tame. left s-barren onc-rule SRS is left barren.

Turorex 3.7 ([3]). Bvery tame, left s-barren onc-rule SRS is loft barren.

By svimmcetry. every tame, right s-barren one-rule SRS is right barrea.

Proof. For a proof by contradiction, assume that  — 1 is not left. barren, i.e., some f,, is a prefix of
some concatenation 13,73, -+ 74, . Let n be minimal. If = 1 then £ -2 7 is not left s-barren. So n > 2
whence £, is of the form rg vy, -+ -7, w where w is a nonempty prefix f ;. Henee € is of the form (3.1)

and so € = ris not tame. O

4. A Reduction of the Problem. Throughout the remainder of this paper we assume a one-rule SRS
{¢ = =} that has one pair of overlaps, i.c., [OVL({r,0)] = |OVL(f.7)] = 1. Let then .3 € ¥ be defined by
OVL(r.f) = {a} and OVL({,7) = {7}

We will devote the greater part of the paper to solving the interesting case: rules that are left s-barren
but neither left barren nor right s-barren. According to Theorem 3.7, t} ese are non-tame. specifically they
are of the form (3.1). In this section we will derive the general pattern of such rules. Let us henceforth
assume that £ is not a factor of 7 and that €] < [r].

The first pattern is derived without the right-s-barren hypothesis.

LEMMA 4.1, Let € — 7 be left s-barven but not left barren. Then [3] > |a| and € — v 15 of the form
alww’)" N = Sww’ (4.1)

for somen > 2, w' € T, and w € Tt

Proof. Let £ — 1 be left s-barren but not left barren. Then we get I'v the respective definitions that €,
is not a prefix of ry and that ¢, is a prefix of v} form some n > 1. Hence ry is a proper prefix of £,. So
let £, = rf}" w where n > 2, and w is a non-empty prefix of ry. Let w' € 7 be defined by r3 = wu'. By
back-substitution we get the form (4.1). From |3rg] = |r| > €] = ar)” "l we conclude |3] > |al. O

If we add the right-s-barren hypothesis. then we can rule out the case where ¢ and 3 overlap in £

LEMMA 4.2, If £ > 7 is left s-barren but neither left barren nor vight s-barren, then le] + |31 < j#.

Proof. For a proof by contradiction assume || +]3] > |[f]. Let £ = 7 be left s-barren but not left barren.
By Lemma 4.1 we get that £ — 7 has the form (4.1). Then by la] + [3] > || there is a non-empty suffix u
of e such that 3 = u(wuw')"~'w. Define o' € ¥* by a = o’u. The string o is non-empty by 3 # €. Thus ¢

and r are of the form

{ = a'ulww ) w,

! — !
r = u(ww’)" " hwww,

for somen > 2. w' € ¥, and o' ,u,w € 7.
Now let moreover £ — r not be right s-barren, i.c.. let €3 be a suthix of r,. This is expressed equivalently

by the string equation =€ 0 = 7 for some z € ¥, Using (3 = «' this instantiates to

ot ! _ 1)
o'y = wlww' )" "www .



Let i > 0 be maximal such that ((ww’)" " Yoww’)™ is a suflix of «. Define u, € ©* by w = uy ('Y Vanew” Y
Then wy is a proper suffix of (ww')” ~hwune’, and the equation reduces to s’y = wy (e’ ) L, 1f
m >0 then a’uyp € OVL{r, (), a contradiction. So m = 0 and « = uy.

If uy is a suftix of we’ then wjw € OVL((,7), a contradiction. So waw' is a proper suffix of «,;. Let
uy € ¥ be defined by uy = waww’. The equation reduces to zo'aluy = uy(wuw' ) u.

By definition of u;, us is a proper suffix of (ww')"~'w. Then u, € OVL(Y, r), a contradiction. 0

If o and 3 do not overlap in f. then we can narrow the pattern for the rule:

Lty 430 Let € — v be left s-barren but not left barven. If | + [13] < |#] then € = v is of the form
QWIYOUw = Yarwwryo (4.2}

for some x € £ and y,a,w € TF,
Proof. Let £ — 7 be left s-harren but not left barren. By Lemma 4.1 we get that ¢ — » has the form (4.1).
Case 1: 3 = w'(w'w) for some 0 < i < pn — 1, and some non-empty suffix « of w. If / > 1 then

w” € OVL{{, 1), a contradiction. So 7 = 0 and 3 = w”. Then
bl =1 = ") + Jw| + 0’| = (Ja] + nhe] + (0 = D]e']) < 0,

again a contradiction.
Case 20 3 = w'w(w'w)" for some 0 < i < n — 2, and some nonempty suffix w' of w'. If / > 1 then

w'w € OVL(€,r), a contradiction. So i = 0 and 4 = «"w. Let w' = ru'” for some string . Then we have

¢ = a(wre”)" " b,

[ H
= w wwrw',
and so

frl — €] = 2fa"| + 2|w| + 2] = (laf + (0 = D" | + (n — Dlx| + nfuw))
= (3= n)fuw"| + (2 = n)|w| + (2 — n)|z| — |af.

It n > 3 then [r] — €] < 0. Son =2 and |r| — || = [w"| - |a| > 0 whence |w"| > |a]. By definition of a now
« is a proper suffix of w"”. Let w" = ya for some y € L. We conclude that ¢ — r is of the form (4.2). D
Putting Lemma 4.2 and 4.3 together allows us to narrow the rule pattern further:

LEMMA 4.4, If € — v s left s-barren but neither left barren nor right s-barren then € — r is of the form

m+1

owr(yowr) aw = yowrawwr(yows)™ . (4.3)

for somem >0, xr € X7, and o, w,y € T,

Proof. Let € — 1 be left s-barren but neither left barren nor right s-barren. By Lemma 4.2 we get
| + 13| < 1¢]. By Lemma 4.3 we get that ¢ — r has the form (4.2).

The property that ¢ = r is not right s-barren means that 3 = cwar is a suffix of r, = yoewry. Then

we have to solve the string equation
Tawr = youwwry (4.4)

for z.r € ¥* o,y € T,
Let 1 > 0 be maximal such that ¢ is a suffix of #. Define #y € ©* by 2 = a1y, Then zawr, =

yaewry and oy is a proper suffix of y. Define y; € £+ by y = y;2;. Then zaw = 4 ryowwryy, .
! 1y i 1 [ VY =1 Y1 [y



If ¢, is & suffix of w then y € OVL({.r), a contradiction. So i is a proper suffix of y;. Define y € v
by 1 = ya2w. Then the equation reduces to za = yowryaurwr §z2.

If 4 is a suffix of a then yow € OVL(L.7), a contradiction. So « is a proper suffix of yo. Define g3 € h
by 45 = yaa. The equation reduces to = = gganmrquwr iy which is trivial.

By back-substitution we get

Y= gha = gawary = gaaaeay .
r=a " =y (ysawr)".

)m+1

{ = awayowr = ey (yarer o,

)n/ 1

P = GOMTEgO = Y0 e (Yo .

and thus the form (4.3) by the renaming & = royy = y. O

The following is interesting to note. It explains why rules of the form (4.3) were not observed by
Shikishima-Tsuji et al.

TuroRreN 4.5, All rules of the form (1.3) are non-confluent.

Proof. A one-rule SRS {£ = r} where [(] < |r] is confluent if and only if OVL(#,6) € OVL(r,7) by a result
of Wrathall [17]. A rule of the form (4.3) satisties aw € OVL(£, £). If e € OVL(r. 1) then cur € OVL(r.€).
a contradiction to OVL(r. £) = {a}. So cwr € OVL(£.€) \ OVL(r, 7) whence £ — 7 is not confluent. O

In the next two sections we are going to identify the non-terminating and the terminating instances of

the form (4.3).

5. The Non-terminating Case. A rule of the form (4.3) loops in the following case:

LEMMA 5.1, Let € = 1 be left s-barren but neither left barren nor 1ight s-barren. If £4¢; is a suffir of
ro. then the one-rule SRS {€ = v} has a loop of length 3.

Proof. Like in the proof of Lemma 4.1, we get (o = 7':;_ Leandry = wa! forsomew € S5 w' € 0 > 2.

In the proof of Lemma 4.3 we showed n = 2. With r, = vf4f,4 for some ¢ € £*, we then get a loop:

Eh, = rody = rar = olyfydry - vlfgrry = ef 331 31y = vlrgry

= pf€,u'.

|

These loops are also instances of Kurth's eriterion for loops of length 3 [9, Theorem 2. Case Al The
following little result provides an alternative criterion to Lemma 5.1.

LEMMA 5.2, If £ = 1 has the form (4.3) then the following are equinalent:

1. 465 is a suffix of vy,
2. m =0 and y = y'owr for somey € LT,

Proof. Obviously (2) implies (1). Next we show the converse by contradiction. Let £ — 7 have the
form (4.3) and let €46 be a suffix of r,. Define v € £ by r, = vf 365, If m > 0 then y is a suffix of yow
and then yaw € OVL(L,7), a contradiction. With e > 0. the string aw.r is a suffix of cwwary. If yis a
sutix of ceer then yaw € OVL(F,r), a contradiction. So aw.r is a propoer suffix of y. i.e.. there is y' € ¥
such that y = ¢'ocwar. O

Examrrr 1. The one-rule SRS

abdababab — dabababbdababa



has a loop of length 3:

abdabababbdababal —
dabababbdabababdababab —

dabababbdababdabababbdababa —

dababa bb(ltub(]u bababbdababab I(lu]m ba.

Redexes are underlined. The re-occurrence of the start string is indicated by a box. This example provides
the smallest non-terminating witness (Jr) = 14) of Lemma 4.4.

6. The Terminating Case. For this section let us assume a rule of the form (4.3) where (464 is not
a suftix of r,,. We are going to reduce termination of such a rule to termination of an SRS 7 over a different
alphabet, Termination of R will be easy to prove.

Define rs, 73,4, and 145 by

r=1rsfye, r=3rs ., r = 3rgslaon.

These detinitions are sound as witnessed by

:L
f

yauwraw,

m

{3 = awr(yawsr)
Ts = yowrawwry,
ri.0 = wr(yawr)™

3.6 = WIyY.
LuMMA 6.1, Let ¢ — v have the form (4.3). Then the following rewrite steps exist:

Tal iy TETT 4, Tala 65 T6TT 3.0, Tal§ i TaTT35,

T3.al —foar 38T, Tdala =iy 38TV s F3.als 2oy T3sTT3.6-

Proof. Routine. O

LEMMA 6.2, Let £ — r have the form (4.3) and let € ;€5 not be a suffiz of ro. Then £ is not a factor of
any of the following: (1) rir. (2) rra, (3) rrgsrir for any i > 0.

Proof. For Claim 1. let ¢ > 1 be least such that ¢ is a factor of rir. Then ¢ is a suffix of r because 3
is the only overlap of £ with r. Since ;¢4 is not a suffix of r, = rs€4, £ is not a suffix of y. Hence y is a
proper suffix of €3 and so of yawz. So yaw € OVL(¢,r), a contradiction.

For Claim 2, let ¢ be a factor of rr3. Because a is the only overlap between 7 and £, we have

bal <ral,
a contradiction.

For Claim 3 assume that ¢ is a factor of rrz sr5r for some i > 0. By Claims 1 and 2, ¢ is neither a factor
of 73 s7rir nor of rrys: so ¢ is of the form F’rd,(srﬂ” for some 0 < j < 7 and some non-empty suffix # of »
and some non-empty prefix £ of r. Thus ¢ is of the form ar réH. If j = 0 then wr(yowr)™ = wzry which
contradicts y,«« € X7, So j > 0 and y is a proper suffix of £,;. We get a contradiction by yaw € OVL(€, r).
a

The six-rule SRS R over 2 = {a.b,e.d, e, f} is defined as follows:

R={g'g" = M f0" | (¢g".h') € {{a,d),(c.e)}.
(g" 1) € {{a.e), (d,e). (f.b)}}



Detfine the weight wi*(r) of a string »r by wt(e) = wt(c) = 3, w th) = wt(d) = wi(e) = wt(f) = 1. and
wt*(ry .. xp) = Zf;] wt(r;). Then R terminates by

wt™ () — wt* (0) = (wi{y') - wt(h')) — wt(f) + (wt(y") — wih")) =2-14+0>0

for all rewrite steps u — g o,
Let the string ]1()111()111()1'})hi%1n 6 O = T be defined by olal = ro.0(b) = rs.o(e) = rya-o(d) =
rs.o(e) = rys.¢(f) = r. By Lemma 6.1, u = p v implies @(u) =, o(v’ for all v, v € Q7. However we will

need 1he converse direetion. To this end fet us define the regnlar language M by
M= (a+d(fe)y +d(fe) fo)af +d(fe) flef +b) + [

Let o M] denote the set {o(u) | u € M} We are going to show that {{ = r}-reduction steps on o[.M] can
e simulated by R-reduction steps. First we show that R-reduction preserves o[ M].

Lemaa 6.3 Ifue M andu =g v then v € M.

Proof. Let (¢, h") € {{a.d).(c,e)} and (¢" B € {(a.c). (doer (f-0) ). Let w = u'g'g"u” € M and

v=u'b fh"u". Then we derive

w' € (a+d(fo) +d(fe) fe)” if ' =a.
u' € (a+d(fe) +d(fe) fe)yd(fey f if f =¢.

Case 1: ¢" = a. If ¢ = a then " € M whence v = w'dfeu” € M. 1f ¢ = ¢ then " = f whenee
v=u'cfeu €M,
Case 2: g” = d. Then

e ((fe) + (fe) f)a+d(fe)T +d(fe) fe)ylaf + d(fe)" flef + b))
+ (fe) flef +b).

If ¢ = a then v = w'dfeu” € M. If ¢’ = ¢ then v = w'e feu” € M.

Case 3: g = f. If ¢ = a then u" is the empty string and v = wdftiu € M. If ¢' = ¢ then v is again
the empty string and ¢ = w'efbu” € M. O

Next we derive a foew properties of u € M if o(u) contains a factor £

LEMMA G4, Let u € M and s'.s" € % If o(u) = &'6s" then w = u'g'yg"u" . |o(u")] < |¢'] < lo(u'g")|.
lo(u™)] < [8"] < |o(g"u)| for some u',u" € Q. g’ € {a.c}, g" € {a.d. f}.

Proof. Suppose that w € M, &',s"” € ¥*, and o(u) = s'0s". Let u' € 0 be the longest prefix of « such
that |o(i')] < |s']. Let " € Q° be the longest suffix of u such that jo-u'")| < |s"|. By jolu)] > |o(u'u")]

there is v € ©F such that « = u'vu”. Define t.#" € £* by s' = ¢(u)t" and s = t"@(u”). Then

o{u) = o W'y = () e Hlu),

whence ¢(¢) = 64", The case [o| = 1 implies that € is a factor of 7. so [r] > 2. We distinguish cases on the

form of v.

Case 1: v € W (a+c)(a+d+ . Let ¢ € {a,c}, ¢" € {a,d. f}. el e L and let v = vyl e’
We further distinguish cases whether ¢/, ¢ are empty strings or not.

Case 1.1: [o'] = |[v"'] = 0. Then v = ¢'¢g". By definition of u' we got H| < |o(gh)]. By definition of u” we
get [ < [¢(g")]. The claim follows.

~1



Case 1.2: o'} = 0. [0 > 0. By |r] > [#] and |r,| > |[f] and v € M we get v € (a + e)dT{a + d + f).
Let ¢ = vogo for some vy € (a + ¢)d*, and gy € {a.d, f}. Then there are £, 6" € 7 such that £ = ¢'¢,
dlrg) =0, and ¢(gy) = £"1". Since ¢(gy) is a prefix of v, we obtain £ € OVL(£,r), so (" = Fand ¢ = (4.
By definition of vg. now ¢(d) = r5 = yowrowwry is a suffix of £; = awe(yowr)™. Som > 0 and y is a
suflix of yevwrr. Then yoar € OVL(E, 1), a contradiction.

Case 1.3: [o'| > 0. [0"] = 0. Let ¢ = vggy for some vg € Q(a + ¢), and gy € {a.d, f}. Then there
are £/.0" € % such that € = €07, ¢(vg) = P, and é(go) = "t". Since ¢(gy) is a prefix of r. we obtain
" € OVL(#,7), s0 " = 3 and ' = ;. Then

1631 = lo(vo)] > o) = [raal > 1],

a contradiction.
Case 1.4: Jo'[ }¢"] > 0. By || > [f] and |ry| > [fland u € M weget ¢ = cand ¢" = d. So ¢led) = vy a1

., a contradiction.

is a factor of £, whence |r;  ra] <|¢
Case 2: v € QTN (a + ¢)(a+ d+ f)Q". Define the set of fragments F(z) of a string 2 € Q% as follows.
If - € (Q\{f})" then F(z) = {z}. Else 2 = zyfz, ... fz, for some n > 1 and unique z;1,....2, € (Q\ {f})"

then
FE)y=Aaf . faof oo fonafo fon}
From « € M then
Fl)ela+d) f+ fle+e)la+d)* f+ fb.
Because |r| > €], and ¢ is not a factor of 7, we obtain v € F(u). So
v € Fuy\ M (a+c)a+d+ )X =d"f+ fed" f + fb.

By Lemma 6.2, ¢(v) has no factor £, so this case is void. 0

Now we are ready to state the simulation lemma.

LEMMA 6.5. Letu € M andt € T*. If (1) =4 t then ¢(v) =t and u =i v for some v € M.

Proof. Let w € M and s',s".t € T*, and let ¢(u) = s'fs"” and t = s'rs”. By Lemma 6.4 there
are W' u" € O, ¢ € {a,e}, _q” € {a.d. f} such that u = u’q’q"u" and |¢(u')] < 1¢'] < |p(u'g"}| and
lo(u")] < |s"| < |o(y"w'")|. Define #',#" € £* by &' = ¢(u' )’ and 5" = t"¢(u'"). Then

d(u) = o(u')d(g")p(g")p(u"") = o)t it p(u"),

so o(g")o(g") = t'et". By |s"| < |p(g"u")| we get |t"] < |#(g")|. Define ¢ € £+ by ¢(g") = ¢”t". Define
e by 6 =010" Soo(g) =tV By |s'| <|p(u'g")] we get |t'] <|p(g')] and so ¢ € £+,
Since ¢(g") is a prefix of 7, we obtain € € OVL(¢.7), so " = 3 and ¢ = €,. Define h',h" € (O by

¢ if " =
, d if ¢ =a, "
h = , ’I = ¢ lf y” = (l.
¢ if g = ¢,
b ifg" = f.

Then ¢'¢" — h'fh" is in R, and morecover ¢(g') = @(h')y = '€ and ¢(g") = Be(k'") = #t”. So
t' = @(h') and ' = ¢(1") and so

t=s'rs" = o)) o(flo(h )o(u") = ¢(v)



for v = ' fB"u". So u -y v. By Lemma 6.3 we get ¢ € M. Q

We are about to prove termination of £ —r by a reduction to termmation of R. For this purpose we
still need {¢ = r}-reductions that start in o[M]. Such reductions are provided by forward closures [10, 1]
as we will show next. We use the following characterization of forward closures by Hermann.

DEFINITION 6.6 ([6, Corollaire 2.16]). The set of forward closures of a string rewriting rule { — 1 over
alphabet S is the least set FC(C = 1) of { — v-reductions such that

fel. (£ = r) € FC{{ — 1),

fe2. if (sp ="ty € FC(6 = ) and { = (0" for some (47 ¢ S then (s 0" =" 0" -t 1) e

FC{{ — ).

feisif (s) =T 0 1) € FC( = r) then (s St =t ety € FCU— 1),

Linaa 6.7, Every forward closure of a rule ( — v of the form (1.5 where €44 is not a suffir of 1.
has a vight hand side in o[M].

Proof. By induction along the definition of forward closure. Let (s =7 1) € FC({ — r). In Case (fel)
we have t = r = ¢(f). In Case (fc3) the claim follows from Lemma 6.5. This leaves to prove Case (fe2).

Suppose that s = s ("t = {7, (5 =t (") € FC({ = r). and (= 6" for some (. (" € 7. By
inductive hypothesis, there is u € M such that 16" = ¢(u). By definition of M. u has suftix f or fbh.

Case 1: « has suffix fb. Define g’ € Q" by u = ¢’ fb. Then

g € (a+d(fe) +d(fe) fo)yrd(fe)”

by definition of M. We distingnish cases whether |€'] > |rs| or not.

Case 1.1: || > |rs]. The string t) ¢ has suftix o(fb) = r73. By |(] < |r| and [¢'] > |rs] we get € = =1y
for some non-empty suffix = of r. Now = € OVL(r.{), so = = «. So " = ¢(g")rrs = oly’ yro (', whencee
L= (g )re = olg'a). So tir = o(g'a)r = o(g'af) for g'af € M.

Case 1.2: || < |rgl. Then £ is a suftix of ry and so of . So (' € ()\'L(r ) whenee = a. So
P = olg firs = o9’ firaat'. whence = (g Hrsa = olg'fe). So tir = oly' foyr = olg' fef) for
g'fef € M.

Case 2: u has suflix f. Define ¢' € Q" by uw=g¢'f. Then

g' € (a+d(fe)" +d{fe)" fe)

by definition of M. By [f] < {r| we get that # € OVL({r.f). whence £ = a. So t{f' = ¢(4'f) = (g )r =
o(g)ra ', whence ) = o(g')ra = d(g'a). So tr=olg'a)yr = olg'af) for g'af € M. O

LEMMA 6.8. A rule £ — v of the form (4.3) terminates if €363 is not a suffir of ra.

Proof. 1f ¢ - r is non-terminating then there is an infinite rewriting sequence sy =i, 82 “ior - -
starting from a right hand side of a forward closure {1]. By Lemma 6.7 s, € ¢[M]. i.c.. there is ug € M
such that ¢(u;) = %;. By induction on ¢, using Lemma 6.5, one casily proves that for every i there is an
wig1 € M such that both w; —r w4 and o(uiy)) = sip1. Henee we get an infinite reduction sequence
) —=p s =g - ... Contradiction to termination of R. 0

ExXAMPLE 2. For every m > 0, the one-rule SRS

ab(dab)"*ab — dababb(dab)™ 'a

is terminating by Lemma 6.8. With m = 0 we get the smallest terminating witness (\r] = 10) of Lemana 4.4.
This example also proves that Kurth's [8) Criterion F is incomplete. for Criterion F applies only to the

left barren or right barren cases [3. Theorem 6.31].



We note moreover that the maximal length of a derivation starting with s € £* is lincar in |s|]. This is

a direct consequence of the decreasing weight associated with a step u =g o

7. The Main Theorem. Now we have all material together to prove our claim.

Turorem 7.1, Let |OVL(r. €)] = |OVL(£.7)] = 1. Then {¥ = »} terminates if and only if it has no
loop of lengths 1, 2. or 3.

Proof. Let OVL(r,€) = {a} and OVL({(,r) = {3}. I { is a factor of » then {f = r} has a loop of
length 1 [8]. Else if [¢] > |r| then {¢ — r} terminates. If ¢ = » is loft barren or right barren then {¢ - r}
terminates. So suppose that € is not a factor of r; that |¢] < |r|; and that £ 5 7 is neither left barren nor
right barren. We distinguish cases:

Case 1 € = 1 is neither left s-barren nor right s-barren. Then » = #/€ ;0 and r = 30" for some strings

1" There is a loop of length 2:
tho = vl =gk, =050 = 0 e = ' 030,07 = r'ef,".

Case 2:  — r is left s-barren but not right s-barren. Then ¢ — 7 has the form (4.3). If €44 is a suffix
of ro then {{ — 7} has a loop of length 3 by Lemma 5.1. Else {# — r} terminates by Lemma 6.8.

Case 3: £ — 7 is not left s-harren but right s-barren. This case is svmmetric to Case 2: We have a loop
of length 3 if £,,¢, is a prefix of 5. otherwise termination.

Case 4: £ — 7 is both left s-barren and right s-barren. Then Lemma 4.1 and its dual apply, showing
131 > le] and Jaf > 3], a contradiction. So this case does not exist. This finishes the proof. 0

Kurth [9] has proved decidability of the existence of loops of lengths 1, 2. or 3 for one-rule SRSs. Indeed.
for every SRS and every n > 1, the existence of loops of lengths less or equal n is decidable [5].

COROLLARY 7.2, Termination is decidable for one-rule SRSs {{ — r} that satisfy |OVL(r.f)| =
[OVL(¢.r)| = 1.

8. Conclusion. We proved that termination of one-rule SRSs with one pair of overlaps is equivalent to
the non-existence of loops of length less than or equal to 3. Thus we showed that termination is decidable
for one-rule SRSs with one pair of overlaps. A surprising observation in this investigation was the emergence
of non-tame rules, some admitting loops of length 3, and some terminating. Such rules were not covered by
the two precursor results by Kurth and by Shikishima-Tsuji et al.

Acknowledgements. Robert McNaughton gave the author an appreciation of the intricacy of the
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